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Abstract: The description of B-type D-branes on a tensor product of two N = 2 
minimal models in terms of matrix factorisations is related to the boundary state 
description in conformal held theory. As an application we show that the DO- and 
D2-brane for a number of Gepner models are described by permutation boundary 
states. In some cases (including the quintic) the images of the D2-brane under the 
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1. Introduction 


Recently, Maxim Kontsevich has suggested that supersymmetric B-type D-branes in 
Landau-Ginzburg models can be characterised in terms of matrix factorisations 

Q^ = W-1, ( 1 . 1 ) 


where hL(<h) is the Landau-Ginzburg superpotential of the superheld <1>. Here Q is 
an off-diagonal matrix 

and E and J are polynomial matrices in the superheld <1>. The matrices E and J 
appear in the action in the boundary F-terms, that also involve fermionic helds living 
at the boundary. Their presence is required in order to cancel a boundary term in 
the supersymmetry variation of the bulk F-term 


(fxdO^dO hF-|-c.c. 


(1.3) 


This approach was proposed in unpublished form by Kontsevich, and the physical 
interpretation of it was given in |]I|, for a good review of this material 

see for example 0. 

From a space-time point of view, these world-sheet fermions describe open string 
tachyons that appear in brane anti-brane conhgurations. [Recall that the open string 
GSO-projection for an open string between a brane and an anti-brane is opposite to 
that for the open string between two branes or two anti-branes; the above world- 
sheet fermions are projected out between branes and branes (or anti-branes and 
anti-branes), but survive the GSO-projection for open strings between branes and 
anti-branes.] Thus the matrix Q can also be thought of as describing the tachyonic 
conhguration on (spacetime hlling) brane anti-brane pairs that leads to the D-brane 
in question. 


On the other hand, at least certain Landau-Ginzburg models have a microscopic 
description in terms of = 2 minimal models i,i |T^, 1^ These D-branes 
must therefore also have a conformal field theoretic description. It is then interesting 
to understand the relation between these two points of view in detail. 

For the case of a single minimal model, this correspondence has been understood 
iBl. but in general little is known. In this paper we want to study the next simple 
case, 

W = xi + xi, (1.4) 
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which will turn out to exhibit interesting and novel phenomena. One of the reasons 
why this case is likely to be significantly different comes from the fact that it has 
^totai ^ 2 d > 5). Regarded as a theory with respect to the diagonal N = 2 
algebra (this is the symmetry seen by the matrix factorisation point of view), the 
theory is therefore not rational any more. Its brane spectrum will thus be much 
richer than for the case of a single minimal model. 

Another motivation for looking at this example comes from the recent work of 
p!4| . They constructed a matrix factorisation both for a single DO-brane and a 
single D2-brane on the quintic. Geometrically, the DO brane is described by the set 
of equations 

Xi = X2 = Xs = 0, X4 — 77 x 5 = 0 , (1.5) 

where 77 is a fifth root of unity. On the other hand, the D2 brane corresponds to 


xi = 0, X 2 - 771X3 = 0, X4 - 772X5 = 0 . 


( 1 . 6 ) 


As was also shown in the corresponding factorisations do not correspond to any 
of the Recknagel-Schomerus (RS) boundary states |T^; indeed, it has been known 


for some time, that the charges of the RS boundary states only describe a sublattice 


of hnite index in the complete charge lattice of the quintic theory |16 


Given our analysis of the correspondence for superpotentials of the form (|1.4|) , we 
are able to identify the factorisations corresponding to (|1.5|) and (|1.6| ) with specihc 
permutation D-branes |^|. In particular, we hnd stable DO branes at the Gepner 
point for a number of Galabi-Yau manifolds.* Furthermore we have checked that 
these boundary states have all the required properties: in particular, they carry 
the correct charges in the large volume basis (as can be confirmed by relating their 
charges to those of the RS branes), and for the case of the DO-brane they posses 
three complex marginal operators, corresponding to the motion of a single DO-brane 
on the Galabi-Yau manifold. 

We have also noted that the intersection matrix of the DO-brane and its images 
under the Gepner monodromy always agrees with ‘the intersection matrix in the 


Gepner basis’ that had been computed for one- and two-parameter examples in 


This basis was obtained by analytic continuation of the fundamental 
period at large volume || 22 |, |! 


In some examples, this basis already 


24, 


generates the full charge lattice; in other cases (including for example the quintic), 
a basis for the complete charge lattice is generated by the D2-brane and its images 
under the Gepner monodromy. 


In general the equations (|1.5| ) do not necessarily describe a point on the Galabi- 
Yau. In particular, if the point described by ([Ol) lies on a singular locus, it is 

*For the case of the quintic, it was already realised in |Q that the relevant permutation boundary 
state only carries DO-brane charge. 
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replaced by an exceptional set, and the corresponding brane is higher dimensional, 
a D2 or D4 brane depending on the geometry. In snch sitnations one shonld expect 
that the relevant permntation brane carries the corresponding charge, as we verify 
in an explicit example. 

In most of these examples, the RS branes describe a snblattice of maximal rank 
in the fnll charge lattice. In general, however, the RS branes do not acconnt for all the 
charges; in particnlar, the RS branes sometimes do not carry the charges of branes 
that are wrapped aronnd these exceptional divisors. As an example we consider 
a fonr parameter-model with two non-toric deformations, for which the RS branes 
only span a lower-dimensional snblattice of the charge lattice. In this model the form 
of the factorisation snggests that the permntation branes shonld carry the missing 
charges. This can be verihed by showing that the charge lattice generated by the 
permntation branes has indeed fnll rank. On the other hand, the permntation branes 
(and the tensor prodnct branes) do not always acconnt for the fnll charge lattice as 
we also demonstrate with an example. In this case the failnre of the permntation 
branes to generate the fnll charge lattice has a simple geometrical interpretation. 

The paper is organised as follows. In section 2 we briefly review the analysis 
for the case of a single minimal model. Section 3 describes some of the matrix 
factorisations for the case of the tensor prodnct of two minimal models, and stndies 
their properties. For a restricted class of factorisations we propose corresponding 
bonndary states in section 4, where a nnmber of consistency checks are spelled ont. 
The application to the constrnction of the DO-brane and D2 brane in Gepner models 
is given in section 5, and their geometric interpretation is discnssed in section 6. 
There are varions appendices where some of the more technical material is given. 


Note added: While we were in the process of writing np this paper, we were made 
aware of related work [^. After completion of this paper, the paper appeared 
in which the relation between certain matrix factorisations and geometry is analysed 
nsing orbifold techniqnes. 


2. The baby example: a single minimal model 

Let ns begin by briefly reviewing the correspondence for the case of a single minimal 
model 0,1^, ^ which corresponds to the snperpotential 

W = x^. (2.1) 

The corresponding conformal held theory is described by a single N = 2 minimal 
model with d = k + 2. (Onr conventions for the N = 2 minimal models are snm- 
marised in appendix A.) The spectrnm of this theory is (after GS 0-project ion) 

ki = ® ’R[Z,m,-s]) ■ (2-2) 

[Z,m,5] 


4 










This GSO-projection is the analogue of the Type OA projection; there is also another 
GSO-projection (the analogue of Type OB) for which the right-movers lie in the 
representation [/, m, s] rather than [/, m, —s]. Since we think of embedding this model 
into a critical string theory we can always take either of the two GSO-projections 
for this internal theory, as long as we compensate this by taking the appropriate 
GSO-projection for the remaining degrees of freedom. As we shall see, the D-branes 
we are about to construct he in ( |2.2|) . 

We are interested in B-type gluing conditions 

(L„ - L_„) \\B)) = 0 

{Jn + J-n) \\B)) = 0 (2.3) 

{G^ + ivG%) || 5 )) = 0 . 


Here r] = ±1 describes the two spin-structures. The corresponding Ishibashi states 
are then supported in the sectors [/, m, s] (8) [/, —m, —s]. For the above spectrum (|2.2|) 
we therefore have Ishibashi states |[/,0,s])) in each sector [/,0,s] with I + s even; in 
total there are therefore 2{k + 1) Ishibashi states. [This discussion is appropriate 
for the bosonic subalgebra of the N = 2 algebra; if we think in terms of the N = 2 
symmetry, then the two representations [/,m, s] and [/,m, s -f 2] form one N = 2 
representation. There are therefore only k + 1 different N = 2 representations, but 
we can choose the two different spin structures r] = ±1 in each case, and therefore 
there are also 2{k + 1) N = 2 Ishibashi states. Half of them have rj = -|-1, the other 
half rj = —1.] 

The corresponding B-type boundary states were constructed some time ago (see 
for example |2^), and are explicitly given as 


ms)) = ^kT2 


Slos, 


lOs 


l-\-s£2Z 




(,0, s|)). 


(2.4) 


WsjOOO 


Here L = 0,1,... ,k and S = 0,1, 2, 3. The boundary states with S even (odd) 
satisfy the gluing conditions with r] = -|-1 {rj = —1); in the following we shall restrict 
ourselves to the case rj = +1, and thus to even S.^ We also note that 


L,S)) = \\k-L,S + 2)) 


(2.5) 


and thus there are only k + 1 different boundary states with r] = +1 (and k + 1 
different boundary states with r] = —1). These boundary states therefore account 
for all the N = 2 Ishibashi states. Finally we note that \L, S)) and ||T, S' -|- 2)) are 
anti-branes of one another (since they differ by a sign in the coupling to the RR 
sector states). 

^The D-branes corresponding to 77 = —1 or S' odd preserve a different supercharge at the bound¬ 
ary. The branes that are described by the different matrix factorisations however always preserve 
the same supercharge at the boundary. 
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The corresponding open string spectrum can be determined from the overlap 


{{LS II g5(^o+Lo)-^ I IS)) (2.6) 

= 5^ - S + s) /Vi ,‘ + ^<“>(5 - S + 2 + s) Afi .](</). 

[l,m,s] 

where Nl denotes the level k fusion rules of sm(2), and X[i,m,s\ is the character of 
the coset representation. In particular, we can read off from this expression how many 
topological chiral primary states propagate between two such branes; for example, 
between the two branes ||T,0)) and ||T,0)) we have as many chiral primary states 
[I, I, 0] as there are I for which Nk ^ = 1. 

These results can now be compared with the analysis based on matrix factorisa¬ 
tions P, The corresponding factorisations of IT = are 

= (J- 0) • = = (2-7) 


where r = 1,2,... ,d — 1. (As was shown in [^, all factorisations of IT = are 
equivalent to direct sums of these one-dimensional factorisations.) The dictionary 
between the two approaches is then 


Q, ^ ||r-l,0)). (2.8) 

In particular, the two factorisations Qr and Qd-r that are related by interchanging 
the roles of E and J correspond to anti-branes of one another. 

This relationship can be confirmed by comparing the topological open string 
spectra between two such branes. From the point of view of matrix factorisations 
this amounts to hnding 0o and (pi such that the diagram 



commutes. Here 0o and are again polynomials in x, and the commutativity simply 
means that 


0 = {D(j))o = J (po - (pi J, 

D = {D(p)i = E (pi- (PqE . (2.9) 
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More abstractly, this is the condition that the morphism dehned by 


$ = 


1^00 0 \ 
VO 


( 2 . 10 ) 


is Q-closed. In addition, $ has to respect the U(l) grading (see 0, [T^ for a detailed 
discussion of this point); this is trivial for the case in question, but in general imposes 
a non-trivial constraint. 

The actual topological states are described by the Q-cohomology [2, |^, H, p0|] ; 
thus we need to determine the solutions (0o, 0i) up to Q-exact solutions. In the 
current context the Q-exact solutions are 


00 — {Dt)o — E to + ti J, 

01 = {Dt)i = Jti to E . (2.11) 


The Q-cohomology of (0o, 0i) describes then the ‘bosonic’ open string degrees of 
freedom, i.e. the topological open string states between the branes corresponding 
to Q and Q. The ‘fermionic’ degrees of freedom, i.e. the topological open string 
states between the brane Q and the anti-brane of Q, can be deduced from this by 
exchanging the roles of E and J. These degrees of freedom are then described by 
(fo,ti). Their Q-closedness condition is 

0 = (Z)f)o = E Iq -\- ti J 

0 = (T)t)i = Jti+ to^, (2.12) 

and the Q-exact states are those that are of the form 

fo = (-D0)o = J (po ~ 4>i J j 

ii = {D(j))i = Ecpi-(poE . (2.13) 

For example, for Q = Q = Qr, the Q-closed condition for the bosonic degrees 
of freedom is simply 0o = 0i. The Q-exact solutions are those for which 0o = 0i 
contains (or as a factor. Thus for r < (d—1)/2 we have r different topological 
states, corresponding to 0o = 0i = 1, x,... ,x^“^. This agrees then precisely with 
the topological open string spectrum of ||r — 1,0)) where the chiral primaries [1,1,0] 
with I = 0, 2,... ,2(r — 1) appear. The analysis for other combinations of branes 
works likewise. One can also check that the U(l)-charges match. 


3. The product theory 

Now we want to consider the product theory that corresponds to the superpotential 

W = xi + xi. (3.1) 
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The space of states of the corresponding conformal held theory is (after GSO 
projection) 


,m2,S2 l) (3.2) 


«= © 

[ll,mi,si],[l2,m2,S2] 

, 7712,^2 ]) ® ('hf[Zj,mi,si+2] ® '^[h ,m2,S2+2]) ] ) 


where the sums over si and S 2 are restricted to Si — S2 € 2Z. [Again, there is also 
another GSO-projection, but as we shall see the branes we are about to construct 
will he in (|3.2|) .] 

This theory has the obvious tensor product branes that satisfy the gluing con¬ 
ditions (|2.3|) separately for the two N = 2 theories; they are explicitly given byl 


\\Li, Si, L 2 , S 2 )) — 


{2k + 4) 



^ *^/c—Li 0 S'i+ 2 ,/i 0 si 


a/ *S'ooO,ZiOsi \/ *S'oOO,ZiOsi 

Sk—L20S2+2,l20s2 


000,^20^2 




,0,s,| ® [!2,0,S2])), 


000,/20-52 


where |[/i, 0, si] ® [I 2 , 0, S2])) is now the Ishibashi state in the sector 


|[/i,0, si] ® [/2,0, S 2 ])) G (^^[Zi,o,si] ^'H[i2,o,s2]^ © (^[hfi-si] ^'H[i2fl-S2]^ ) (3-3) 

and the sum over k and Si is unrestricted, except that si — S 2 is even. As before Si 
even (odd) describes the boundary states that satisfy the gluing condition for the 
Ah N = 2 algebra with rj = -|-1 [r] = —1); we shall therefore restrict ourselves to 
considering Si and S 2 even. Furthermore, the labels {Li, Si) are only defined up to 
the equivalence {Li, Si) ~ (fc — Li, Si -|- 2) and {Si, S 2 ) ~ {Si -|- 2, S '2 -|- 2). The open 
string spectrum between two such branes is essentially given by the tensor product 
of d^) 

1 

(( Li, Si, L 2 , \\Li, Si, L 2 , ^ 2 ])) = 5^ 5^ 

r=0 \hmis{\,[l 2 m 2 S 2 \ 

- Si + s. + 2r) + 2 - Si + s, + 2r) A',_i,y‘) x 

(i<-l(S 2 - S, + Si - 2r) + 2 - Si + Si - 2r) x 

^ X[q,mi,si] (?) X[l2 ,m2,S2\ (?) • 


As before, {Li, Si, L 2 , S 2 ) and {Li, Si -|- 2, L 2 , S'2) are anti-branes of one another. For 
future reference we also note that these tensor product branes do not couple to any 
RR ground states; they therefore do not carry any RR charge. 


^We are ignoring in the following the resolved branes that appear for Li = L2 = k /2 if k is even. 












These boundary states correspond to tensor products of the one-dimensional fac¬ 
torisations we considered before |T^, |^. More specifically, the boundary state 
\\Li, 0, L 2 , 0)) corresponds to the factorisation 


C[3;i, X2]®‘^ 1 ^ C[3:i, 3 : 2 ]®^ , 

E 


with 


J = 


J2 

El 


Ji 

-E2 


E = 


'E 2 Ji 

,Ei —J2, 

(3.4) 

and Ji = and Ei = such that W = EiJi -|- This follows 

essentially from the same analysis as for the case of a single minimal model. 


^d—l—Lj 


In addition to these tensor product factorisations, there are however also rank 


1 factorisations |T^. The corresponding boundary conditions had been studied pre¬ 
viously using Landau-Ginzburg techniques in |^. These factorisations make use of 
the fact that the superpotential can be factorised as 


w ^ If (^1 - 'n^2 ], 


(3.5) 


where rj is in turn each of the d different d’th roots of —1. We can label these roots 
as 




a 


(3.6) 


where m = 0,1,..., d — 1. Let us define D = {0,..., d — 1}. Then we can construct 
the rank 1 factorisations 

C[a;i,a;2] ^^C[xi,a;2] , (3.7) 

E 

where 

J = W{xi - r]mX2) , E= W {xi - 7]nX2) ■ (3.8) 

ra£l neD\I 

Here / is any subset of D. 

At this stage it is not clear what N = 2 boundary states these factorisations 
correspond to (we shall make a proposal for at least some of these factorisations 
in section 4). In order to be able to make an identification, we should obtain as 
much information about them as possible. In particular we need to determine the 
open string spectra involving these rank 1 factorisations. As we shall see, the result 
will have a simple geometric interpretation, so it may be helpful to review first the 
relation between matrix factorisations and geometry. 


3.1 Matrix factorisations and geometry 
In 


3^ Orlov showed that the category of D-branes in Landau Ginzburg theories 


is equivalent to a certain geometrical category Dsg{X) that is non-trivial only on 
singular varieties X. To be more precise, topological B-type D-branes on a variety 
X correspond geometrically to the bounded derived category of coherent sheaves on 
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X. On a smooth variety, any such sheaf has a hnite locally free resolution. This is no 
longer the case on a singular variety, which was the motivation in to introduce 
Dsg{X) as the quotient of the bounded derived category of coherent sheaves by the 
subcategory of finite complexes of locally free sheaves. To understand the relationship 
with Landau-Ginzburg models, in particular in our example, we start from a Landau 
Ginzburg potential hh : C" —> C with an isolated critical point at the origin, in our 

C. Denoting the fiber of W over 0 by S'o, allows us to 


case. 


W = xi + xi-.C^ 


establish a relation between Dsg{So) and the Landau-Ginzburg category. For this, 
we associate with any factorisation 


Pi 



the short exact sequence 

0 —Pi Pq —>■ Goker J —0 . (3.9) 

The geometrical object associated to the factorisation is then the sheaf Coker J, 
which, since it is annihilated by W, is a sheaf on S'o. Let us apply this to the 
simplest rank 1 factorisation, where J is a single linear factor J = xi —riX 2 - Coker J 
is then simply the ring C[a;i, 0:2]/J, or, geometrically, the line with the equation 


Xi — rjX2 = 0 


For higher order J, J = ~ VmX 2 )-i we obtain accordingly a union of lines 

IJ {xi - r]mX2 = 0} . 

m£l 

Based on this geometric picture, we can make a prediction for the number of 
fermionic (and bosonic) operators between pairs of branes. The idea is simply that 
the number of fermions corresponds to the number of intersections between the two 
branes. For example, on a single brane, there should be no fermions, whereas between 
two branes corresponding to different single lines (J linear) there should be exactly 

P!3|. According to this logic, between disjoint sets of 


one fermion as calculated in 
lines there should be did 2 fermions, where di is the number of lines in the first set, 
and d 2 the number of lines in the second set. 

We can also count the bosons, since by definition the number of bosons propa¬ 
gating between two branes is equal to the number of fermions propagating between 
the brane and the anti-brane. Exchanging brane and anti-brane corresponds to ex¬ 
changing J and E in Landau-Ginzburg language, which means, in this geometrical 
language, that the anti-brane of a brane localised at a given set of lines consists of 
the complementary set of lines. Therefore, the number of bosons is again given by 
an intersection number, this time between the branes and anti-branes. 
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Finally, the tensor product branes can be thought of as corresponding to points 
at the origin, where the number of points is determined by the factorisation labels 
Li, L 2 . In particular, they are invariant under rotations. This corresponds to the 
fact that these branes do not carry RR charge. 

We will now compute the open string spectrum from the matrix factorisation 
point of view and check that the dimensions of the cohomologies indeed match these 
geometric expectations. 

3.2 Calculating the open string spectrum 

First we consider the open string spectrum between two rank 1 branes. As a warm¬ 
up we consider the case of open strings between a brane and itself. For the fermions 
the BRST-invariance condition is 


Eto + ti J = 0 . (3.10) 

Since E and J do not have any common divisors, the only solution is ti = aE and 
to = —aJ. It is then easy to see that this solution is BRST trivial, and thus there 
are no fermions on a single rank 1 brane. 

For the bosons, the BRST-invariance condition is 

J0o = 0iJ, E(pi = (poE, (3.11) 

from which it can be concluded that 00 = 0i- The boson is BRST trivial if 

(f>Q = E to -\- ti J, (f)i = J ti -\- tQ E , (3.12) 

which means that the bosonic spectrum is given by the ring C[xi,X 2 ]/I, where I 
is the ideal generated by J and E. To calculate the dimension of this space, we 
note that the dimension corresponds to the number of intersections of the two curves 
E = 0 and J = 0. According to Bezouts theorem, two plane curves of degrees do and 
di will intersect in dido points, counting intersections at inhnity and multiplicities. 
Since in our case there are no intersections at inhnity, the dimension of the ideal 
is given by dodi. This is therefore in perfect agreement with the geometric picture 
outlined above. 

The general case can be shown along similar lines; the details of this calculation 
are described in appendix B. There we also give the calculation for the open string 
spectrum between a tensor product and a rank 1 brane (for the case that the latter 
has J linear). 

3.3 Matrix flows 

The above picture also suggests that the branes corresponding to higher order J can 
be obtained as bound states of the branes with linear J. We want to explain now 
that this is actually correct. 
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As was explained in [29 


there is a natnral notion of isomorphism of matrix 
factorisations: two matrix factorisations Qi and Q 2 are isomorphic if Q 2 = UQiU~^, 
where both U and its inverse U~^ are block-diagonal matrices 


U = 


Ui 0 

0 U 2 


(3.13) 


with polynomial entries. In particnlar, this condition implies that the spectrnm of Qi 
and Q 2 relative to any other brane is the same; thus it is indeed natural to identify 
such factorisations. This concept is crucial to understand the bound state formation 
of branes from the topological point of view ^ . 


Suppose now that we are given a pair of branes 


Jp 

Po^^Pi 

Ep 


and 



Eq 



(3.14) 


whose relative open string contains a tachyon. By this we mean a boundary changing 
operator t = (to,^i), to : Pq ^ Oi, ti : Pi ^ Oq that is BRST closed but not BRST 
exact. Likewise, there can be tachyons in the other direction t' = (tg, t'l), tg : Oq —>■ Pi 
and t[ : Oi ^ Pq. A bound state of these two branes with that tachyon profile should 
have the form 

(Po©Oo^Pi©Oi), (3.15) 

where the maps J and E are given by 


J 


(Jp \ 

\to Jo) ’ 


E 


(Ep t'l \ 

V Eq ) 


(3.16) 


The BRST operator of the combined system is then 



(3.17) 


The condition that a bound state is formed in this way is that ( |3.15|) is a valid 
boundary condition fulhlling = W. Using the above notion of isomorphism, the 
resulting boundary condition may in fact be equivalent to one of the other boundary 
conditions. This occurs in particular for the case where we have two rank 1 branes 
with complementary factors. 


3.3.1 Rank 1 flows 

Let us consider the superposition of two rank 1 branes 

Jp= Y\. “ ^"^ 2 ), Ep= ]d (^1 “ Vn'X2) , (3.18) 

n^Ip n'£D\Ip 
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and 


(3.19) 


^ Jd (^1 “ ')mX2) , Eo= II (^1 “ , 

ttiGIq m' ^D\Iq 

where Ip and Iq are disjoint, Jp fl Jo = 0- Then Ep contains Jo as a factor, and 
Eo contains Jp as a factor. As we have explained before, the open string spectrum 
of this conhguration contains \Ip\ \Io\ fermions. We can therefore modify the BRST 
operator of this conhguration by 


/ 0 0 Jp 0 \ 

_ 0 OA Jo ^ _ Ep _ Eo 

Ep 0 0 0 Jo Jp 

^—\E Eo 0 0 y 


(3.20) 


where A labels the different fermionic perturbations. One easily checks that this Q 
still squares to the superpotential. For constant A one then hnds that this BRST 
operator is equivalent to the BRST operator 


Q 


^ 0 0 0 Jp Jo'^ 

0 0 1 0 

0 hF 0 0 

0 0 0 y 


(3.21) 


In fact, the relevant invertible matrix U that satishes QU = U Q is given by 

a Jpd 0 0 

0 AJ 0 0 

0 0 d a Jo 

000 —Aa 

It is clear that the inverse of this matrix (for constant a, d, A) is again a matrix with 
polynomial entries. On the other hand, the BRST operator Q simply describes the 
superposition of a trivial brane (corresponding to the trivial matrix factorisation) 
with the rank 1 brane described by 

J = Jp Jo = JJ {xi- r]nX2) , E = {xi- r]n'X2) . (3.23) 

nGipUlo n'£D\{IpUlo} 

This argument therefore shows that two complementary rank 1 branes can flow to 
the rank 1 brane that is described by their product. This thus conhrms the geometric 
picture that was put forward in section 3.1. 

3.3.2 Flows from rank 1 to tensor product branes 

The other flow that is of interest relates rank 1 branes to tensor product branes. The 
simplest example concerns the conhguration of a rank 1 brane (corresponding to a 
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single factor) with its anti-brane, i.e. 

Jp = {xi - rjnX2) , 


(xi - rin>X 2 ) , 

(3.24) 

n'^n 


'0 = (xi - ?7„X2) . 

(3.25) 


and 

Jo=W {xi - r]mX2) , 

m^n 

This is a special case of the situation considered in the previous subsection, and 
the BRST operator is therefore again of the form (|3.2U|) with E = 1. If we take A 


to be constant, then the above analysis implies that the conhguration flows to the 
trivial brane configuration (since JpJo = W). In order to flow to a non-trivial brane 
conhguration, we therefore consider 




„d-l 


Xn 


X = Xi+r]nX2. 

Then one hnds that this BRST matrix is equivalent to 
'0 rA ^ ^ 

To 0/ ’ ^ \^i -^2 V V 

where the relevant [/-matrix satisfying QU = U Q is simply 

(—rjn d d 0 0 \ 

Vnd 


„d-l 




-X2 


(3.26) 


(3.27) 


U = 


V 


0 

0 


d 0 0 

0 d —dv 

0 0 2T]n d J 




Xn 


V = 


+ r]nX' 


d-l 

1 


Xl - T]nX 2 


(3.28) 


In particular, one observes that n is a polynomial in xi and X 2 (since is a dth root 
of —1), and therefore U, as well as its inverse, are matrices with polynomial entries. 

On the other hand, we recognise the BRST matrix (p.27| ) to be the tensor product 
brane corresponding to 

Ji = , J 2 = X2 . (3.29) 

Repeating this construction we can therefore obtain any of the tensor product branes 
from the rank 1 branes. To this end we observe, following that there is a how 
relating the tensor product branes 


Ji — X™ , J2 — X2 

and similarly 
Ji = x^“^, J2 = X2 


A = , J2 = x' 


Jl — Xl 1^2 — X 2 1 


(3.30) 


Jl = xf , J2 = X2 —i 

Combining these two hows, it is then clear that every tensor product brane can be 
obtained from a suitable combination of the tensor product brane that is described by 


Jl = xf '' ^, J 2 = X 2 ■ (3.31) 


(|3.29|) . In turn, this last brane could be obtained from two rank 1 branes. Combining 
these arguments, it therefore follows that every tensor product brane can be obtained 
from a suitable combination of the rank 1 branes. 












4. Permutation branes 


In the previous section we have analysed the properties of the rank 1 factorisations in 
detail. Now we want to make a proposal for which N = 2 super conformal boundary 
states these factorisations correspond to. 

The diagonal N = 2 algebra (which is the symmetry that is relevant from the 
matrix factorisation point of view) has central charge 2c; except for the case of A: = 1 
that was discussed in the diagonal N = 2 algebra therefore does not dehne a 
minimal model. Regarded as a theory with respect to this algebra, the theory is 
therefore (for k > 1) not rational. It is then difficult to hnd all = 2 boundary 
states of this theory.^ However, there are always two classes of ‘rational’ D-branes one 
can easily construct: the tensor product branes we have considered at the beginning 
of section 3, and the permutation branes |]^ (see also p6| ). 

The permutation branes are characterised by the gluing conditions 


(l« - i?;) ||B» = (i® - Iti) ||B» = 0 

(J<'> + j 2|) ||B» = (Jf + J«) ||B» = 0 (4.1) 

(g,±''> + iijiGt®) ||B)> = (g,*< 2> + iijjGtP) ||S» = 0 . 


Provided that rji = 772 , these gluing conditions imply that the diagonal N = 2 
gluing conditions are respected. For the theory under consideration ( p.2|) we have 
permutation Ishibashi states in the sectors 


I [/, ?7l, Si] (H) [/, 771, 'S 2 ])) ^ ® "Af [Z,—m,— 82 ]^ ® ® 

The corresponding boundary states are then 


L,M,5i,52] )) 

_ 1 Sli 

~ 2 V 2 . ^ Soi 

/,m,5l,S2 


(4.3) 


,j' 7 rMm/(fc+ 2 ) —iTr{Sisi—S2S2)/2 


|[/, 777, Si] 0 [/,-777, -S 2 ]))' 


where the sum runs over all /, m, si and S 2 for which 


/ + 777 + Si and Si — S 2 are even. (4.4) 

The labels [L, M, Si, S' 2 ] are dehned for L + M + Ri — S '2 even only. Again, Si and 
S 2 correspond to the choice of the spin structures rji and 7 / 2 , respectively; in order 
to preserve the diagonal N = 2 algebra we therefore need that Si — S '2 is even, 
in which case also L + M is even. As before we shall only consider the case that 

§For the case k = 2 for which 2c = 3, the techniques of should allow one to find a complete 
description of these boundary states; this will be described elsewhere. 
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Vi = = +1, that both Si and S 2 are even. Note that the bonndary state is 

invariant nnder replacing both Si and 5*2 by S'j 1 —>■ S'* + 2. Fnrthermore we have the 
equivalence [L, M, Si, S2] — [k — L, M + k + 2, Si + 2, S' 2 ]. The branes with (Fi, S2) 
and {Si + 2, S' 2 ) are anti-branes of one another. 

In contradistinction to the tensor product branes, these permutation branes now 
couple to the RR ground states. In fact, the coefficient of the RR ground states in 
the sector 

{'kl[i,i+i,i] ® ® {lH.[i^i+i^i] ® (4.5) 

in the boundary state labelled by [L, M, Si, S' 2 ] is precisely 

Q, (||[L, M, Si, SJ») = 4; ,4 g) 

v2 *->000,Z{i+l)l 

For the following it is also useful to understand the behaviour of these permutation 
branes under the l^k +2 axial symmetry. Recall that each minimal model has a l^k +2 
symmetry, whose generator g acts on the states in 'H[i^rn,s] ® 'Hii,m,s'] as 




(4.7) 


(Thus g acts as the simple current [0, 2, 0].) It is easy to see from the explicit formula 
that 


91 |||L,M,Si,S 2])) = ||[L,M + 2,S„S2])), 92ll[i,M,Si,S2l)) = |||L,M-2,Si,S.2l)). 

(4.8) 

In particular, the permutation boundary state is therefore invariant under gi g 2 . 


4.1 The dictionary 

We are now in the position to identify a subset of the rank 1 factorisations with 
permutation branes. The precise correspondence is as follows: 

(M+L)/2 

||[L,M,^1 = 0,^2 = 0])) ^ '^= n i^l-VmX2). (4.9) 

m=(M-L)/2 

For \\[L,M,Si = 2, S '2 = 0])) = \\[L,M,Si = 0, S '2 = 2])) the roles of J and E are 
interchanged. We should note that this identifies only a subset of the rank 1 fac¬ 
torisations with permutation branes (since the phases that appear on the right hand 
side are ‘consecutive’); it would be very interesting to understand how to describe 
the remaining factorisations in terms of conformal field theory. On the other hand, 
our proposal does account for all rank 1 factorisations with J linear — these are pre¬ 
cisely the permutation branes with L = 0. Since these factorisations generate (upon 
forming bound states) all the factorisations we have considered, we are at least ac¬ 
counting for all the RR charges. Also, as we shall see, these are the factorisations 
that are relevant for the construction of the DO and D2-brane in Gepner models. 


16 




Before we begin checking this proposal in some detail, it is nsefnl to observe that 
it transforms at least correctly nnder the axial symmetries. The Zfc +2 symmetry gi 
in conformal held theory corresponds, in terms of matrix factorisations, to the maps 


27ri 

gi'. Xi^e’^+^Xi. 

(4.10) 

Under gi, each factor {xi — gnX 2 ) therefore gets mapped to 


gi{xi - r]nX2) = e^(xi - gn+lX2) 

(4.11) 

and 


g2(xi - VnX2) = (Xl - gn-lX2) , 

(4.12) 


respectively. Since overall factors do not matter, we therefore see that gi shifts 
M I— M + 2 on the right-hand-side of (14.9|), while g 2 acts as M i— M — 2. This 
is then precisely in accord with the transformation properties of the permutation 
branes of (14.8|) . 

There are three additional sets of consistency checks for this identihcation that 
we have performed; they will now be described in turn. 


4.2 Open string spectrum between permutation branes 

It is straightforward to calculate the corresponding open string spectrum, and one 
hnds 


[iV^/(AM + m; - m'2) 


'y ^ X[l[,m{,s[]{Q) X[l2,m2,S2]i^) 


X + s'l) (5(^)(A^2 + 4) + + 2 + 4) 6^^\AS2 + 2 + 4)) 

AM + k + 2 + m[- m'^) 

X (^5^^\ASi + 2 + 4) 5^^\AS2 + 4) + 5^^\ASi + 4) 5^^\AS2 + 2 + 4)) 


5 


where AM = M — M and ASi = Si — Si. 

Let us hrst consider the case AiS = 0, i.e. the overlap between branes and 
branes. (In the language of matrix factorisations these are the ‘bosons’.) Since the 
sum runs over equivalence classes and only even values of s' contribute, 

we may restrict ourselves, without loss of generality, to s'^ = s '2 = 0. The chiral 
primaries are then characterised by /' = m'. Since — m '2 = M — M, and is 
contained in the fusion product of L, L and we therefore get one topological chiral 
primary for each and for which 

boson: = I'l A [M — M) mod {2k A A) and T ® L ®. (4.13) 
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In order to determine the topological ‘fermions’, we need to consider the overlap 
between a brane and an anti-brane, i.e. AS*! = 2 and AS 2 = 0, say. Then an 
identical analysis leads to 


fermion ; — 2 ± (M — M) mod {2k + 4) and ^ L ® L®1{. 

( 4 - 14 ) 

It follows from the hrst equation that there are no bosons if L + L < \M — M\. 
[Here, as in the following, we shall assume that the Mj have been chosen such that 
\M — M\ <k + 2.] On the other hand, if L + L = \M — M|, then there are precisely 
k + l — {L + L) bosons; to see this one observes that only the representation L + L in 
the fusion product of L and L can contribute in ([4.13|) , and that one then gets one 
solution each for = 0, 1, 2,... , /c — (L + L). If L + L = \M — M\ + 2 we have in 
addition also fc + 3 — (L + L) solutions coming from the L + L — 2 term in the fusion 
product of L and L, leading to k + 1 — {L + L) + k + 3 — {L + L) boson states. In 
the general case when L + L = \M — M\ + 2U we therefore have 


u 

'^{k+l-(L + L} + 2d]^(U + l)(k+l + U-(L + L) 


(4.15) 


d=0 


topological bosonic states. (Here we have assumed that \M — M\ > |L — L| — the 
other cases can be treated similarly.) The number of fermions is given by the same 
formulae, except that we have to replace T by {k — L). 

These results now need to be compared with the results of the calculation in 
appendix B, in particular, (|B.11|) and (|B.7|) . Using the above identihcation (|4.9|) , L 
and L are related to I and / as 


L= |J| -1, 


T = III - 1. 


(4.16) 


Furthermore, U < 0 corresponds precisely to the case | / H j| =0. If this is the case, 
the number of topological boson states vanishes, in agreement with ([B.ll|) . On the 
other hand, if U > 0 we have the relation (we are assuming here that I and I are not 
subsets of each other — this is the analogue of the condition \M — M\ > \L — L\) 


u =\ini\-i. 


(4.17) 


Then (|4.15|) becomes 


|bosons| = |/ n /| |Z1 \ {/ U /}| , 


(4.18) 


and therefore agrees precisely with (|B.11|) . The number of topological fermions can 
be obtained from either description upon replacing L hj k — L, and their number 
therefore also agrees. 
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4.3 Open string spectrum between permutation and tensor branes 

The calculation of the open string spectrum between a permutation and a tensor 
product brane^ is actually quite subtle. The subtle point concerns the calculation 
of the overlap between the tensor product Ishibashi state |[/,0,s] ® [/,0,s])) and 
the permutation Ishibashi state in the same sector, |[/,0,s] ® [/jCjS]))®". On general 
grounds one knows that this overlap is equal to 

{{[1,0, s] 0 [/,0,s]|g5(^o+io)-i||[/^o,s] ® [/,0,s]))'^ = Tr[z,o,s]®[«,o,s] (t) . (4.19) 

Here the trace is taken in the tensor product of and a is the operator 

that acts on states in this tensor product by exchanging the two factors. To evaluate 
this trace we observe that only the diagonal terms contribute. Thus it is clear that 
the above overlap is proportional to Xli,o,s]{q‘^)■ Now the subtlety concerns the fact 
that, depending on the value of s, we are dealing with bosonic or fermionic states. 
Since a interchanges the states, it picks up a minus sign in the fermionic case relative 
to the bosonic case. Thus we hnd that 


Tni,o,sm,o,s] ct) = • 


(4.20) 


With this in mind we then calculate that the overlap between a permutation and a 
tensor product brane equals 

I [L.Af.Si.&D) (4-21) 

= Y1 Nii^' 6 ‘-‘Hs + S, + S, - (Si + Si) + 1) 


[l,m,s] 


+ S, + S2- {Si + S 2 ) - 1 ) 


We observe that the representations that appear in the open string channel are 
formally R-sector representations; however, they are to be interpreted as twisted 
NS-sector representations, where the twist is again the exchange of the two N = 2 
factors. [Note that if we had left out the factor of from ( 4.20 ), then the open 

string representations would have had s even, and the characters could not have 
been interpreted in terms of twisted NS-representations; for a simple example this is 
explicitly demonstrated in appendix C. The fact that the twisted NS-representations 
are formally R-sector representations was also already realised in ||37|| .] 

The fact that s odd appears in these overlaps is also crucial from the point of view 
of obtaining the correct topological spectrum. The characters that appear in ( [4.21j) 
are characters of a single N = 2 minimal model with central charge c, evaluated at 
They should however be thought of as NS-characters of the diagonal N = 2 
algebra whose central charge is 2c. Thus we should decompose them as 

~i/2(ft-^) + ... = + ... ^ (4 22) 

^This is where our analysis differs from [p^. 
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where is the conformal dimension with respect to the diagonal algebra. Thus we 
find 


h'^ 



(4.23) 


On the other hand, the U(l)-charge with respect to the diagonal algebra is just 
q'^ = q. The chiral primaries are the states for which the conformal dimension 
is half the U(l)-charge = g'^/2. Thus the chiral primaries appear in the 

representations where q = h + c/8. One easily checks that this is the case if the 
representation (Z, m, s) is of the form [1, 1 — Z, 1) or (Z, Z + 3, —1). 

[Incidentally, for the case of the overlap between boundary states of opposite 
spin structure, i.e. for example. Si = Si + 1, the open string representations can 
be thought of as describing (twisted) R-sector representations. In this case s is still 
odd, and the chiral primaries correspond to those representations for which [Z', m', s'] 
is a Ramond ground state; indeed, these are the only states whose contribution to 
the open string trace is independent of q\] 

Thus we have topological states whenever m' = 1 —Z' and s' = 1 or m' = Z' + 3 and 
s' = — 1. It is then clear that we get one topological boson for each representation Z' 
that appears in the fusion product 


Z' C Li 0 L 2 ® ^ • 


(4.24) 


Since L 1 —>■ Zc — L is a simple current, the result for the fermions is the same. 

This has to be compared now with the calculation of appendix B, where we only 
considered L = 0, i.e. a permutation brane with J = xi — r]X 2 . For that case, ( |4.24|) 
reduces simply to 


|bosons| = |fermions| = min(Li + 1, L 2 + 1) • (4-25) 

This then agrees precisely with the results of appendix B, in particular ( p.20 ). 

4.4 Flows 

Finally, we can check whether the flows we found in section 3.3. from the matrix 
factorisation point of view are compatible with the RR-charges of the conformal 
held theory description. Let us hrst analyse the case discussed in section 3.3.1. In 
order to be able to compare this with the conformal held theory results we need to 
consider a conhguration where all three rank 1 factorisations have an interpretation 
in terms of permutation branes {i.e. correspond to ‘consecutive’ lines). Translated 
into conformal held theory language, the rank 1 matrix hows than predict that there 
is a how 

II[Li, Ml, 0, 0])) © ||[T2, M 2 , 0, 0])) —>■ ||[Li + L 2 + I 5 Ml + L 2 + I 5 0, 0])), (4.26) 
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where M 2 — Mi — 2 = Li + L 2 . However, such a flow can only exist if the RR charges 
of both sides agree. The Qi charge of the left-hand side is 


Qi{\\[L,,M,,0,0]))) + Qi{\\[L2,M,,0,0]))) 

^ _|_ 5'^^^g*7r^2(i+i)/(fe+2)j (^4 27 ) 


V2S, 


' 0 / 


Apart from the normalisation factor of the S'-matrix of su{2)k, the bracket is therefore 


I k+ 2 ^ ^ ^i^(Mi+L2+l)(Z+l)/(fc+2) 


sm 


^(-^1 + 1 )(^ + ^-i„{L2+l){l+l)/{k+2) 


{k + 2) 


- sm 


7r(L2 + 1)(^ + 1) A i^(Li+i)(z+i)/(fc+2) 


_ ^iiT{Mi+L2+l){l+l)/{k+2) 


{k + 2) 

7r(Ti -|- +2 + 2){l -|- 1) 

{k + 2) 


(4.28) 


Putting back the various factors we therefore obtain that 

qKII[^i,Mi,0,0]))) + qkII[^2,M2,0,0]))) 

= Qi (II [-^1 + -^2 + 1; Afi -|- L 2 + 1, 0, 0]))) . (4.29) 

Thus these matrix flows are indeed compatible with the RR charges of the conformal 
held theory description! 


4.4.1 ^f-factors 

We can also determine the gf-factors of the various D-branes from their boundary 
state description. The ^f-factor is simply the coefficient of the Ishibashi state cor¬ 
responding to {li,mi,Si) = (0,0,0). For example, the ^f-factor of the permutation 
brane || [L, M, 0, 0])) equals (in the following we are dropping the superfluous (0,0) 
labels) 


Sdl [L. M|») = T 1 . 

v2 5oo v2 sm(7r/(/c2)) 

On the other hand, the ^f-factor of the tensor product brane ||Li, 0, L 2 , 0)) is 


(4.30) 


sdin.-t,))) = 


{2k -|- 4) S'i^oo,ooo >S'l20o,ooo /rrm ^Lio Sl20 


= V2 


P) S ~ s 

v 2 >^ 000,000 >^00 

sin(7r(Li 1 )/{k 2)) sin(7r(L2 + l)/(^ + 2)) 


sin(7r/ {k + 2)) 


(4.31) 


In particular, we see from these expressions that the flows (|4.26|) that relate the 
permutation branes among each other are perturbative, i.e. that the ratio of the 
^f-factors of the initial and final configuration approaches 1 in the limit k ^ 00 . 

















Indeed, the limit of the relevant ratio is in that case 

5'(ll [-^1 +-^2 + 1, jhfi +-^2 + 1]))) _ sin((Li + L 2 + 2)7r/(/c + 2)) 

g{\\[L,,MS)+9{\\[L2,M,]))) 


sin((Li + l)7r/ {k + 2)) + sin((L 2 + l)7r/ {k + 2)) 

fc^OO -hi + L 2 + 2 


-hi + 1 + L 2 + 1 


= 1 . 


(4.32) 


On the other hand, the flow from a permutation brane and its anti-brane to a tensor 
product brane is non-perturbative. In fact, the ^^-factors of the permutation branes 
approach 

sin(7r(-h + l)/(h + 2)) fc— >00 -h + 1 


9 (|||r,M|)» = ^ 


sin(7r/(h + 2)) 
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whereas 


lim ^(||Li,L 2 ))) = 0. 


(4.33) 


(4.34) 


Thus the ratio of the ^^-factors is zero in the limit h —^ cx). Such non-perturbative 
flows do not necessarily preserve the .fh-theory charges of the corresponding branes, 
and this is in fact what happens here. The permutation branes carry RR-charge and 
therefore integer valued K-theory charge. On the other hand, the tensor product 
branes carry only torsion charge (as is familiar from the case of one minimal model 

1^). The conhguration of permutation branes that can flow to a tensor product 
brane does not carry any RR (or indeed K-theory) charge, and thus if the flow were 
to preserve the K-theory charge, it would follow that the tensor product branes would 
not carry any K-theory charge at all. 

In fact, the situation is analogous to the case of the non-BPS DO-brane of Type 


I theory [JC]. This D-brane can be obtained from the superposition of a Dl-brane 
anti-Dl-brane pair by taking the tachyon to be the kink solution. The resulting 
conhguration carries non-trivial torsion Z 2 K-theory charge. On the other hand, 
the original conhguration of a Dl-brane anti-Dl-brane pair with a constant tachyon 
solution carries trivial K-theory charge. Changing the trivial tachyon solution to the 
kink therefore does not preserve the K-theory charge (since the value of the tachyon 
is changed at spacelike inhnity). 

The fact that this how does not preserve the K-theory charge is also visible in 
the matrix factorisation description: the relevant tachyonic operator that needs to 
be switched on in order to how from the superposition of permutation branes to 
the tensor product brane is not the ‘constant’ mode. [Indeed, as is explained in 
section 3.3.2, A = Xi -|- rinX 2 in ( ^.2(j| ).] Rather, it can be thought of as being the 
analogue of the kink solution. 


5. The Gepner Model 


Now we would like to use the permutation branes analysed in the previous sections 
as building blocks for branes in Gepner models (see m for the original construction 
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of a generalised class of such boundary states). This is the conformal held theory 
analog of the constructions pursued in [|T^ Q from the matrix factorisation side. 

The Gepner model is an orbifold of a tensor product of iV = 2 minimal models 
whose central charges add up to 9. We restrict our discussion to the case of hve 
minimal models. Together with a free held theory with c = 3 it describes a Calabi- 
Yau compactihcation in the light cone gauge. As opposed to the earlier sections, we 
work in the following with the minimal model before GSO projection. Its Hilbert 
space is given by 

^ ^ © ^[i,m,s+2])] • (5.1) 


The Hilbert space of the Gepner model before orbifolding is the tensor product of 
hve such models, subject to the constraint that the world-sheet spin structures of 
the minimal models are properly aligned, i.e. that only states for which the Sj are 
all even, or the s* are all odd appear. We denote the generator of the axial 

symmetry ( [4.7|) in the ith minimal model by gi. The generator of the Gepner orbifold 
is then g = Qi ■■■ 95 ', its order is H = \cm{ki + 2}. In the nth twisted sector (where 
n = — 1), the right-moving fhj diher then from the left-moving rrii by 2n 

(for alH = 1,..., 5); see for explicit expressions for the partition function and 
[PI for a detailed discussion of the necessary projections. 

We want to construct boundary states that involve the permutation boundary 
states for the tensor product of two minimal models. To do so, we assume that 
k = = k^. Our construction closely follows the discussion of RS boundary states 

m 


given m 


to which we refer for further details including also short orbit 
states [^, which we will not discuss here. The original construction of permutation 
boundary states for more general permutation groups in Gepner models appeared 


previously in JW 


In each sector (NS-NS and R-R and for each spin structure g) we will consider 
a boundary state that is a tensor product of a standard (Neumann or Dirichlet) free 
held boundary state (corresponding to the free c = 3 theory), as well as a boundary 
state of the internal Gepner theory. GS0-invariance in the closed string requires that 
we add together states with different spin structures, while in order to obtain a GSO- 
invariant open string spectrum one needs to add NS-NS and R-R sector components. 
(For a review of these matters see for example |Q.) The GSO-projection however 
only applies to the full ten-dimensional theory; thus the sum over the different spin- 
structures can only be done once all components have been tensored together. 

In the following we shall only consider the internal part of each such constituent 
boundary state. As we have seen before, the spin structure g is related to whether 
the label Si is even or odd; in the following we shall therefore always consider the 
case where either all Si are even, or all Si are odd. Furthermore, we choose the 
convention that NS-NS components are labelled by s = 0 and R-R components by 
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s = 1. The constituent states for the usual and the permutation gluing conditions 
are described in detail in appendix D. 

5.1 The transposition branes 

On the basis of these expressions it is then straightforward to write down a Gepner 
boundary state that consists of tensor product boundary states in the first three 
factors, and a permutation boundary state for the last two: 


Li, L 2 , T 3 , L, M, M, S'))(_]^)(s+i)F 
1 


(5.2) 


Vh 


E E E 

nGZfi UieZ2 


^ • Mn 


I (2A:i + 4)3 




Ljli 


2 = 1 




2 Soi 


xe '^* 2 * n, s + 2 i/i; I 2 , n, s + 2 ^ 2 ] h, n, s + 21 / 3 ; 

[l,m + n, s + 21 / 4 ] ® [/, —m + n, s + 2 Z/ 5 ])). 


Here we have summed over the contributions of the twisted sectors (that are labelled 
by n), but not over the spin-structures, nor the NS-NS and R-R sectors — these 
sums can only be done once the space-time part of the boundary states has also been 
included. 

Nevertheless, everything that is of interest can already be read off from this 
expression. In particular, using the formulae from appendix D (in particular ( |D.4|) 
and (p.7D ), the one-loop amplitude becomes 


((L;, L' 2 , L', L\ M', M', \\L,, L 2 , L 3 , L, M, M, (5.3) 
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HNy. E - M' + m,) fj X[li,mi,Si] {q) ■ 


2=1 


Here the sums run over all quintuples of triplets {li,mi,Si) such that ruj -|- Sj 
is even. [The factor of 1/2 accounts, as in (E), for the fact that the equivalent 
representations (^4, 7714, S4), (/s, m^, S5) and {k — /4, 7774 -|- A: -t- 2, S4 -1- 2), (fc — + 

k + 2 , S 5 + 2 ) appear twice in the above expression.] 

The permutation boundary states preserve one half of the space time supersym¬ 
metry, the phase of which is determined by the label M, just like for the ordinary 
tensor product branes. Note that one can explicitly confirm from the one-loop ampli¬ 
tude that the spectrum on every brane is tachyon-free (once the hnal GSO-projection 
has been performed); in fact, this is simply a consequence of the fact that (b.3|) de¬ 


pends in the usual manner on s{S — S' + Sj). Hence, the branes are stable [|^ 
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In order to determine the charge lattice spanned by these boundary states, it is 
of great interest to calculate the open string Witten index Trij(—1)'^ between the 
branes with different M and M. In order to isolate this contribution from the above 


overlaps, one has to take the R-R component {i.e. the s = 1 component of ( b-3|) ), 
and consider the overlap between the boundary states with opposite spin structure. 
[Recall that in the full boundary state one has to add to the above boundary state 
in each sector its image under (— 1 )'^^ in order to make it invariant under the closed 
string GSO-projection.] The action of (—1)^^ on each boundary state shifts each Si 
by one, but also shifts M by —H. (This is the case both for tensor product boundary 
states, as well as for permutation boundary states.) Taking all this into account, one 
obtains 


J(L;, L', L', L', M', if', S'\Lu T 2 , La, L, M, M, S) 
= -J2 (M - M' + m4 - ms) 


M' -M + H 
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where N denotes the periodically continued fusion rule coefficients. Of particular 
interest is the basic case L'^ = Li = L = L' = 0, for which the above formula 
simplihes further 


J(0, 0, 0, 0, M', M', L'|0, 0, 0, 0, M, M, S) 

= -J2 -M' + m^- ms) 


[m'- 


M + H 






m,; 
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2ki + 4 
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IfiVS’-M 


(5.5) 


v*=l 


This index is sometimes independent of the labels M, M'; in particular this is the 
case for W 4 , = = 1. Along the lines of [|T^, |T^ one can then rewrite this intersection 

number in terms of the symmetry generator G that shifts M by 2 (G acts as the 
hf-dimensional shift matrix). To this end one replaces the fusion rule coefficient in 
each factor by (1 — where Wi is the weight Wi = H/{ki + 2), and accounts for 

the 5*^^Lfunction constraint by some additional overall factor. For ^4 = tcs = 1 one 
obtains for the index 11 

3 3 

= G-^^ JJ(1 - 

i=l i=l 

II For the quintic this formula was already found in 0- 
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It is easy to see that the same formula also holds in the case ^4 7 ^ 1, provided that 
M' - M ^ 0. 

In order to determine the charges of the permutation branes, it is also impor¬ 
tant to determine the overlap of a permutation brane with one of the tensor product 
branes. There is again a subtlety in the calculation of the overlaps between the corre¬ 
sponding Ishibashi states; the correct generalisation of (|4.2CI|) that is invariant under 
field identifications is now (we are again restricting ourselves just to two factors) 

■Kin _ "Kis Q 

= e'=+2 ^ X[i,n,s\{q ) ■ (5.7) 

The phase factor amounts to an insertion of (—1)^^, which takes into account the 
statistics of the states that are permuted by a. 

Then it is straightforward to calculate the overlaps between tensor product and 
permutation branes in the Gepner model, and one finds 


({L'l,.... 4, M', ||Li, Lj, L,, L, M, M, 
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This overlap is in particular independent of M. 

As before, the index is simply the open string Witten index Tr/j(—1)^. This 
can be calculated in the same manner as the index between two permutation branes, 
and one finds 


/(L;, ... L', M', L 2 , Ls, L, M, M, S) 

' M' - M + 1 + H 
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where N are the periodically continued fusion rule coefficients. Since the charges of 
all tensor product and all permutation boundary states can be obtained by forming 
bound states of L = 0 branes, we are particularly interested in the index for the 
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brane with Lj = L' = L = 0 , in which case the above formula simplihes to 


/(O, 0, 0, 0, 0, M', ^'|0, 0, 0, 0, M, M, S) 
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mi 
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2ki + 4 
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Rewriting this in terms of the symmetry operator G leads to 


L{A5)-RS 


JJ(1 - G“”') = -G”* P[(l - G" 


(5.11) 


2 = 1 


2=1 


5.2 The (23) (45) permutation branes 

Until now we have only considered the permutation branes that involve a single trans¬ 
position in the last two factors, and usual B-type boundary states for the hrst three 
factors. Using the same ingredients we can obviously also construct the boundary 
states where we combine two transpositions in the factors ^2 = and = k^, with 
a usual B-type boundary state for the hrst factor. The calculations follow the same 
pattern as above, in particular, one just needs to collect the results of the building 
blocks summarised in appendix D. As before, the resulting branes are also stable. 
The intersection matrix between two such branes has a simple form if tC 2 = ^4 = 1 
or if both Mi ^ M[ and M 2 7 ^ M^, in which case it is (for the quintic this formula 
was already given in [^) 


/(23)(45) = (1 -G'“'^)G"'^G“'A 


(5.12) 


For the intersection between the RS and these permutation branes we obtain on the 
other hand 


/(23)(45)-i?s = (1 - (1 - (1 - G^^) G^^ G ^^. (5.13) 

Finally, the intersection between the (45) and the (23) (45) boundary states is 

/(23)(45)-(45) = (1 - (1 - G^^) G^^ G^^ . (5.14) 

This last formula is again in general only correct if tC 4 = 1 or the M-labels corre¬ 
sponding to the (45) permutation of the two branes are different. 


6. Gepner model, matrix factorisations and geometry 


At this point it is natural to ask what the large volume charges of these permutation 
branes are. For the RS branes, this question has hrst been answered in several exam¬ 
ples in []^, 1^ ^ using the analytic continuation of periods to the Gepner point. 
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In later work [^, it has been understood that the RS branes corre¬ 

spond geometrically to pull backs of certain bundles from the embedding projective 
space to the Calabi-Yau hypersurface. 

The lattice generated by the RS branes is only a sublattice of the full charge 
lattice which is only in special cases of maximal rank. It also typically does not 
contain the charge vectors of minimal length. One may wonder whether the per¬ 
mutation boundary states may give rise to new charges and to charge vectors of 
minimal length; as we shall see in this section, both phenomena occur. In fact, at 
least for a number of examples (including the case of the quintic), a certain family of 
permutation branes can be shown to span the full charge lattice at the Gepner point. 
However, we also show, that there are examples where the permutation branes do 
not account for all charges. 


6.1 The transposition branes 

Using the results of | 


48] one can calculate the large volume charges 


of the RS branes in generic models. Whenever the transposition and the RS branes 
generate the same subspace of the RR charge lattice (this is in particular the case 
when t (;4 = tcs = 1) we can determine the charges of the transposition branes via 
the intersection matrix between permutation and tensor product branes. Our anal¬ 
ysis of the flows between rank 1 factorisations and tensor product factorisations in 
section 3.3.2 then suggests that the RS branes can be obtained as bound states of 
the transposition branes, and thus that the RS charges are linear combinations (with 
integer coefficients) of the charges of the transposition branes. In fact, it is clear 
from the above equations that (at least for = 1) 


/(45) (1 “ — I{45)-RS ■ (6.1) 

Thus the integer matrix (1 — expresses the charges of the RS branes in terms 
of those of the (45)-branes. This relation is also consistent with the relation between 
the intersection forms 


= ( 6 . 2 ) 

where Irs is the intersection form of the RS branes which, in our conventions, equals 

5 

Irs = n(l - • (6-3) 

i=l 

It also agrees with the intersection matrix involving the (23) (45) branes (if they 
exist), 

-^{23)(45)-(45)(l ~ G^Y = /(23)(45)-R5 • (6.4) 

It is remarkable that the intersection forms calculated above for the permutation 
branes (where the permutation is applied to two models with tc = 1 in the Gepner 
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model) exactly coincide with the ‘intersection matrix in the Gepner basis’ computed 
for one- and two-parameter examples in |]^ ^ 

Gepner basis was taken from 1^, 1^, 


In those papers, the 


|23| , [2^ , p5| , , where it was obtained by analytic 

continuation of the fundamental period at large volume. The fundamental period is 
the solution of the Picard-Fuchs equations without logarithms, and corresponds to 
a DO brane. Subsequently, the 'Lh Gepner monodromy transformation was applied 
to this period to obtain H periods (with linear relations) at the Gepner point. By 
construction, the Gepner monodromy takes a particularly simple form in this basis, 
since it is just an Ff-dimensional shift matrix. 

The transformation between the Gepner basis and the large volume basis was 
given in the old papers ^ ^ ^ in particular, the fundamental period 
is directly mapped to one of the periods in the Gepner basis. Historically, this 
transformation, together with the relation between Gepner and RS basis provided 
the hrst way to determine the charges of RS branes at large volume. 

Here, the relation between the RS basis and the Gepner basis is given by the 
same change of basis as between (45)- and RS branes. Thus we can conclude that 
one of the (45)-branes corresponds to the DO brane, or the fundamental period, that 
has been used in the original construction of the Gepner basis. For the quintic, the 
relation between the (45)-boundary state and DO-branes was already mentioned in 


1^ , where it was however claimed to correspond to 5 DO-branes. 

Table 1 gives an overview over the models where the Gepner intersection matrix 
was obtained by analytic continuation and shown by our analysis to coincide with 
the single permutation intersection matrices /( 45 ), where two models with w = 1 are 
permuted. [To be consistent with the labelling of the models below, these branes are 
more appropriately referred to as (12)-branes!] Hence, we know that DO branes exist 
as rational boundary states in all of these models. To check this, we have verified 
by explicit counting that all of the relevant boundary states possess 3 candidate 
marginal operators. [In the case that the Gepner model consists of only 4 factors, 
one has to add into the formula for the intersection matrix a factor of (1 — — 

see 


551 for a discussion of the difference in the open string projection. 


GY — hyper surface 

Gepner model 

P(12) 

Reference 

P4[5] 

{k = 

1 

1 

CO 

22, 

16, 17 

IP(1,1,1,1,2) [6] 

{k = 4)\k = iy 

-G{1 - G^f{l - G^) 

24, 

23, 21 

IP (1,1,1,1,4) [8] 

{k = 

-G{1 - G^f{l - G^) 

IP4, 

23, 21 

1P(1,1,1,2,5)[10] 

{k = 8f{k = 3) 

-G(1-G)(1-G2)(1-G5) 

1(24, 

23, 21 

1P(1,1,1,6,9)[18] 

{k = 16)^(/c = 1) 

-G(l-G)(l-G6)(l-G9) 

E 

g, 0 

IP(1,1,2,2,2) [8] 

^k = 6f{k = 2f 

1 

1 

to 

CO 

P5. 

20, 21 

IP (1,1,2,2,6)[12] 

{k = 10f{k = Af 

-G{1 - G^f{l - G^) 

25, 

20, 21 


*For the case of the quintic this was also noted before in 0 - 
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6.1.1 Stability 

By constructing an explicit, stable boundary state of the right charges, we have 
therefore also settled the question of whether the DO brane on the quintic (and several 
other models) is stable at the Gepner point. This is in agreement with the analysis 
of the recent paper |^, where a stability condition based on matrix factorisation 
was formulated and applied to the case of the quintic. The existence of DO branes 
in the stringy regime has been addressed in the literature from various points of 
T 6 [] it was noted that the position of a DO brane would break part of the 


view. In 

74 


Zg symmetry of the quintic. On the other hand, since all RS branes are invariant 
under this symmetry, it could not be expected to find a DO brane among them. 
Rational RS boundary states carrying only (multiple units of) DO brane charge are 
known to exist in other models, where this argument fails; a systematic search was 
performed in [^. Since the permutation boundary states we constructed transform 


non-trivially under the Z 5 symmetry scaling X 4 , the symmetry is explicitly broken 
so that the above arguments do not apply. 

In a wider context, the stability of D-branes depending on Kahler moduli has 
been addressed in the context of fl-stability D-branes on the quintic, and in 

particular DO branes, were studied in |Q, who plotted the lines of marginal stability 
in several cases. (See also |Q for an analysis of DO brane stability.) Their analysis 
shows that there exists a line of marginal stability where the DO brane is destabilised 
by the D0-D6 system (that would be unstable in the large volume regime). The 
reason is, roughly speaking, that at the conifold point the period associated to the 
D 6 brane shrinks to zero, so that it becomes preferable for the brane to wrap that 
period. The DO brane is however stable against a decay into a D0-D6 -|- anti-D 6 
system in the stringy regime, providing a strong argument for the existence of DO 
branes at the Gepner point. 


6.1.2 Geometry from matrix factorisation 

The interpretation of one of these boundary states as a DO-brane is also strongly sug¬ 
gested by the description in terms of matrix factorisations. Geometrically, DO-branes 
are points on the Galabi-Yau and can be described by a set of 4 linear equations 
Ki = K 2 = = K 4 = 0, together with the dehning equation of the Galabi-Yau 

hypersurface W = -f x^'^ -f x^^ x'^'^ 

To obtain a matrix factorisation related to these equations, one can proceed as in 
[pT^ (where the case of the quintic was treated) and hnd four polynomials Fi,..., F 4 
such that 

4 

= (6.5) 

_ i=l 

'l"l'Note however that in the case that the vanishing locus of the 4 linear equations intersects with 
an exceptional divisor, the brane will be higher dimensional; we will encounter an example of this 
below, li W 4 = this is excluded. 
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Given this relation one can immediately write down a matrix factorisation, iterating 


the step reviewed aronnd eqnation (|3.4|) . Using the relation between matrix fac¬ 
torisations and the geometrical category of singnlarities reviewed in section 3.1, 


one can conclnde, as in [^|, that snch a factorisation is a good candidate for a DO 
brane on the Calabi-Yan hypersnrface. The location of the DO brane is described 
by the zero set of the four linear equations. In particular, to make contact with our 
previous discussion on the relation between permutation boundary states and matrix 
factorisations, one can consider the special case where 


Ki= xi, K2 = X 2 , K3 = X 3 , Ki = Xi- r]X5 , 


( 6 . 6 ) 


which geometrically singles out a set of points on the Calabi-Yan hypersnrface. For 


the case of the quintic, it is shown in that the deformation space of these objects 
is parametrised by points on the quintic, as it should be for a DO-brane. 

Our detailed comparison between boundary states in the tensor product of two 
minimal models and matrix factorisations immediately suggests that the boundary 
state in the Gepner model that corresponds to this factorisation is given by the 
tensor product of three minimal model branes with a permutation brane in the last 
two factors. The labels of the boundary state should be Lj = 0, L = 0, while the 
choice of M corresponds to the choice of rj in ( | 6 . 6 |) . This is precisely the boundary 
state we considered above. 

The charge of the brane can be verihed on the matrix side by the same type 
of index calculation that we performed above using conformal held theory methods. 
Indeed, given our detailed comparison between matrix factorisations and conformal 


held theory it is clear that the two calculations lead to the same result, see for 
the quintic. 

For two of the above examples, namely P(i,i,i, 2 , 5 ) [10] and P(i^i_i^6,9)[18]! one can 
easily show that the intersection matrix of the DO-brane and its images under the 
Gepner monodromy span already the full charge lattice. Indeed, for P(i,i,i, 2 , 5 )[ 10 ] 
(P(i,i,i, 6 , 9 ) [18]) the intersection matrix contains a 4-dimensional (6-dimensional) sub¬ 
matrix of determinant 1. In the other cases, however, the relevant submatrices of 
maximal rank have determinant bigger than 1. In these cases there exists a second 
construction which we will discuss in the next section. 

To conclude this section, let us discuss the two-parameter example P(i,i, 2 , 2 , 2 )[ 8 ] in 
more detail. We hrst summarise its geometrical properties which have been discussed 
in 1^, to which we also refer for further details. The cohomology ring is generated 
by the two divisor classes L and H. L corresponds to the zero locus of degree one 
equations, whereas H is the zero locus of degree two equations. The two divisors 
intersect along a curve 

Ah = HL. (6.7) 
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The curve xi = a ;2 = 0 is a priori singular, and the singularity is resolved by blowing 
up each point on it into a Pi denoted by I, 

Al = -2HL. (6.8) 


Furthermore, we define 

Av = H^/2 = H^L. (6.9) 

There are two types of (45) branes in this model; first, we can consider the equa¬ 
tions^^ 

Xi = rjX2^ Xs = 0:4 = Xs = 0 . ( 6 . 10 ) 

As was already mentioned before, this is geometrically a DO-brane. The second 
option is to consider 

Xi = X 2 = X 3 = 0 , X 4 = rjx^ . ( 6 - 11 ) 

This describes geometrically a Pi coming from the blow up of the singular curve. 
Hence, the matrix considerations suggest that this brane is a D2-brane. Indeed, 
calculating the brane charges via the intersections with the RS branes, one can 
confirm that the set of 8 (45) branes contains a single brane wrapping this cycle. 


6.2 The (23)(45)-branes 


The second class of branes can be constructed whenever two pairs of levels coincide. 
Their intersection matrix is given by (|5.12|) (at least if W 2 = W 4 = 1). Given (|5.14|) , 
it is again clear that whenever such (23)(45)-branes exist, the charges of the (45)- 
branes can be expressed in terms of integer linear combinations (that are determined 
by the matrix (1 — G"'^)) of the (23)(45)-branes. Thus the latter are always more 
fundamental. 

We will now show that the intersection matrix ( |5.12|) always contains a submatrix 
of dimension H — wi which has determinant 1. First we observe that in order 
to determine the determinant of a submatrix (up to a sign), we can ignore the 
factors of and consider /' = (! — G^'i) instead. It is easy to see that this 

matrix has a kernel of dimension wi, if we remove the first wi rows and columns the 
resulting matrix is upper triangular with Is on the diagonal. Hence this submatrix 
of dimension H — wi has determinant 1. 

This is already sufficient to show that the (23)(45)-branes generate the full charge 
lattice in the remaining examples above.* * As before, this basis of the charge lattice is 
particularly natural at the Gepner point, since the Gepner monodromy just acts by a 
permutation. This feature is shared by the Gepner bases given in the literature (that. 


^This brane should be more appropriately referred to as the (12)-brane. 

*We have checked explicitly in these examples, that the relevant intersection matrix is indeed of 
the form (5.12), although W 2 = W 4 = 1 does not hold. 
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as we have argued, correspond to (45)-permutation boundary states); in general 
however, the latter are not minimally normalised. 


As before, one can use the matrix description to propose a geometrical interpre¬ 
tation of these branes, following m who considered only the quintic. According to 
the general discussion, one is led to propose that the boundary states correspond to 
the zero locus of the linear equations 


Ki = xi = 0 , K2 = X 2 - r] 2 X 5 = 0 , K^ = Xi- 774X5 = 0 . 


( 6 . 12 ) 


Generically, this system of equations describes a D2-brane. As before, one can then 
find Fi such that W = KiFi, leading to a matrix factorisation. For the case of 
the quintic, the deformation theory and superpotential for these theories has been 
studied in |T^, and known geometrical results on the obstruction theory of lines on 
the quintic have been reproduced. 

In the case of the two-parameter model P(i,i, 2 , 2 , 2 )[ 8 ], (| 6 . 12 |) defines the inter¬ 
section of an element of the divisor class L with an element of the divisor class H. 
The result should therefore be a D2 brane wrapping the cycle h. This can again be 
verihed by an explicit calculation via the index. 


Since the (23)(45) branes provide a minimal basis at the Gepner point, we list 
their large volume charges in our two main examples. Here, one uses the charges of 
the RS branes, which correspond to the pure D 6 brane and its monodromy images. 
The labelling is chosen such that the D 6 has label 5. For the quintic, one obtains 
accordingly 5 branes whose Ghern characters are 


ch(l/i) = 2-H - —H^ + —H^ 

^ ^ 10 30 

ch(R2) = -l + H- —H^ - —H^ 

^ ’ 10 30 

ch(R3) = 

5 5 

ch(l/4) = 

5 

cMRs) = + + (6.13) 


where H is the integral generator of Z) with M being the quintic. The pure 

D2-brane is described by V4. 

For the two parameter model P(i,i, 2 , 2 , 2 )[ 8 ] we can use the list of Ghern characters 
of the RS branes given in . The cyclic ordering of the RS charges is such that the 


brane with label 8 is the pure D 6 -brane, while the others are its monodromy images. 














We find 8 branes whose Chern characters are given by 


ch(i/i) = -l + h + H-l-L-^v 

o 

ch{V2) = -3h + L 

2 

ch(V 3 ) = 2 — 3h — H — l + L-\—v 

3 

ch(V4) = h — L + V 
ch(\/ 5 ) = —1 + h + l + v 

ch(\/6) = h 
ch(V7) = h + I 

ch{V8) = h-v. (6.14) 

In this case Vq is the pure D2-brane. 


6.3 New charges from permutation branes 

In general, the charge lattice spanned by the RS branes does not contain all charges 
of the model. In fact, the RS branes preserve a very large symmetry, and thus only 
relatively few Ishibashi states can be used in the construction. Geometrically, the RS 
branes have been identified with pullbacks of certain rigid bundles to the covering 
space. In general, however the cohomology of the hypersurface can be quite different 
from that of the embedding space; for example the torus, which has a holomorphic 
one-form, can be embedded as a hypersurface in P 2 , which does not have a one-form. 

In this section, we will study the example P{i,i,i, 3 , 3 )[9], or, as a Gepner model, 
{k = 7)^{k = 1)^. In this example, the permutation branes give rise to new charges, 
as one can see from a calculation of the rank of the intersection matrices. The model 
has = 4, such that we expect four D2 and four D4 branes. Together with the 
DO and D6 brane, they span a 10 dimensional charge lattice. It was realised in 


that the RS branes do not carry all of these charges, but that one can project out 
the missing ones by taking a suitable free orbifold, leading to a two-parameter model 
with torsion in K-theory. 

We can use the formulae of chapter 5 to verify that the intersection matrix of 
the (45)-branes, which in this case equals (for M = M') 


J(45) = (1 + G^)(1-G)= 


(6.15) 


has rank 8, while that of the RS branes only has rank 6. Note that in this case 
tC 4 = 3, so that the above intersection form is not of the standard form (|5.6|) but 


was derived directly from the conformal held theory formula (|5.5| ). We have also 
calculated the intersection matrix for the (12) (45) branes which turns out to be 


-^(12)(45) — —G(1 -|- G®)(1 — G ), 


(6.16) 





and also has rank 8 . In order to acconnt for the fnll charge lattice one observes that 
the intersection matrix of the (45) branes at M = 0 and M = 2 has actnally rank 
10. [This intersection matrix is of the form 


'(45);0,2 


(1 + G®)(1-G')3 
G-3(1-G-i)3 


-G)3 

(1 + G6)(1-G')3 


(6.17) 


as follows from ( |6.15|) as well as from (|5.6|) .] The same is the case for the intersection 
matrix of the (12) (45) branes at Mi = M 2 = 0 and Mi = M 2 = 2; in the latter case, 
this intersection matrix contains a snbmatrix of determinant 1. [The (45) branes 
only generate a snblattice of index 9.] Thns the fnll charge lattice is generated by 
the (12) (45) branes at Mi = M 2 = 0 and Mi = M 2 = 2 (and all valnes of M). 

The fact that the permntation branes generate extra charges hts nicely with 
expectations from geometry and matrix factorisations as we will now explain. Dne 
to the divisibility properties of the weights, the embedding projective space has 
a Z 3 singnlarity that locally looks like C^/Za. This singnlarity is resolved by an 
exceptional ^ 2 - The hypersnrface intersects with the singnlar locns in the three 
points x\ + x\ = 0. These 3 points are cnt ont and replaced by exceptional divisors, 
leading altogether to = 4 for the cohomology of the hypersnrface [^]. We can 
single ont the singnlar points by the eqnations 


xi = X2 = X3 = 0 , Xi — r]X 5 = 0 . 


(6.18) 


One wonld then expect that the corresponding matrix factorisation, constrncted as 
in section 6.1 and 6 . 2 , give a matrix description of branes wrapping the exceptional 
divisors, or eqnivalently, that the three (45) transposition branes with different M 
labels carry the relevant charges. This is in agreement with the calcnlation of the 
rank of the intersection matrix mentioned above. On the other hand, for hxed M the 
rank of the intersection matrix is 8 , thns acconnting for the 2 D4 charges (+ 2 D2 
+D0+D6) already carried by the RS branes, as well as one extra D4 (+ D2) brane 
charge. 

As a farther conhrmation of this pictnre one can match the symmetry transfor¬ 
mations of the branes. Consider the action 


/ \ / 27^^ 47^^ 

[xi,X 2 ,x^,Xi,Xi,) [xi,X2,X3,e 3 X 4 ,e 3 x^) 


(6.19) 


This transforms the eqnation (|6.18|) with different valnes for r] into each other, so that 
only their snperposition remains invariant. On the level of bonndary states, one sees 
that the RS states remain invariant nnder the corresponding action in conformal held 
theory, whereas the label M of the permntation branes gets shifted as M —> M -|- 2. 
This means that only the invariant combination can carry a charge contained in the 
RS lattice. 









One may wonder whether permutation branes whose permutations involve longer 
cycles could generate additional charges or describe other preferred bases. This does 
not seem to be the case. In fact, one can easily see that the number of B-type 
Ishibashi states corresponding to permutations with longer cycles is always smaller 
than that of a permutation whose longest cycles have length two. In this sense the 
above constructions are already ‘optimal’, and at least as far as charges are concerned, 
it is sufficient to consider only transpositions as we have done in this paper. 

Finally one may wonder whether the permutation branes always generate the full 
charge lattice. It is however easy to see that this is not the case. A simple example 
is the manifold IP( 3 , 3 , 4 , 6 , 8 )[24], or, as a Gepner model, {k = 6 )^(fc = 4)(/c = 2){k = 1). 
This theory has only one class of permutation branes (the (12)-branes), and one 
can easily show that they generate a sublattice of rank 12. On the other hand, 
= 7 1^, and thus the full charge lattice has dimension 16. In fact, one 
can identify certain RR ground states of this theory which are part of the even 
cohomology charge lattice, but which cannot couple to any standard tensor product 
or permutation branes.f For this theory, these symmetric constructions therefore do 
not account for all the charges. The situation is therefore similar to the case of WZW 
models of groups of higher rank (see for example |^, |60[|). 

From the matrix factorisation point of view, one can guess how to obtain the 
remaining constructions — these correspond probably to factorisations that rely on 
the fact that other pairs of Wi have common factors. This is also what one expects 
from geometry, since common factors of the weights lead to additional exceptional 
sets. At this stage it is however not clear what the corresponding boundary states 
in conformal field theory should be. 


7. Conclusion 

In this paper we have identified the DO-brane and D2-brane for a number of Gepner 
models with certain permutation boundary states [^. In some examples these D- 
branes, together with their images under the Gepner monodromy, form a basis for the 
full charge lattice. We have also shown that the permutation branes sometimes carry 
charges that are not already accounted for by the RS branes. In general, however, 
the permutation branes are not yet sufficient to describe all the charges. 

Our analysis was inspired by the identification of the DO- and D2-brane for the 
quintic in terms of matrix factorisations that was given in |^, . In particular, we 

studied the dictionary between factorisations oi W = xf + X 2 with boundary states 
of the tensor product of two minimal models. This allowed us to identify the relevant 
factorisations with permutation boundary states, and thus to identify the boundary 
states of the DO- and the D2-brane. We also checked that these boundary states 


^We thank Stefan Fredenhagen for helping us find this example and check this property. 
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have the correct charges by determining the Witten index with the RS boundary 
states whose charges had been known before. (For the case of the quintic, this had 
also been done, from the matrix point of view, in Bn-) Our analysis shows in 
particular, that the DO-brane (as well as the D2-brane) is stable at the Gepner point. 

In the examples we considered it was possible to predict the charge of one out 
of the H monodromy images from the form of the factorisation, which indicated the 
location of the brane as the zero set of linear equations. It would be interesting to 
generalise this, including the effect of the GSO projection (choice of grading in the 
matrix factorisation). This could presumably be done in the framework of the linear 
sigma model where one can interpolate between large and small volume, generalising 
the analysis for fractional branes in 

As is explained in detail in section 4, we were only able to identify a subset of rank 
1 factorisations with permutation boundary states; it would clearly be interesting to 
understand the boundary state description of the remaining factorisations. For the 
theories where the permutation branes do not account for the full charge lattice, it 
would also be interesting to understand (both from the matrix factorisation point 
of view as well as in conformal field theory) the branes that generate the remaining 
charges. 

Goncerning the relation between conformal held theory and matrix factorisations, 
it would be interesting to understand conceptually the relation between the various 
factorisations and their boundary states; in particular, one may hope to be able 
to read off the symmetries that are preserved by the brane (he. in particular the 
gluing condition) from the structure of the factorisation. Among other things, this 
should clarify how the factorisations that correspond to the permutation branes are 
singled out, and lead to clues for how to hnd the boundary state description of 
the remaining factorisations. A further example, where a better understanding of 
symmetries might be useful, are higher order permutation branes and their relation 
to matrix factorisations. 
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A. Conventions 

In this appendix we collect our conventions for the description of the N = 2 minimal 
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models. The N = 2 algebra is generated by the modes J„, G^, subject to the 
commutation relations 


^n\ 

= (m-n) Lra+n + 

[-^772 7 Jn\ 

^ Jm-\-n 

[Lm,G^] 

= 

[Jm,G^] 

_l_ 

~ ^m+r 

["-Zm) Ai] 

g ^m^—n 


2 “ 1 “ (“T 5) 


1) ^m,—n 



Here m and n are integer; r is integer in the R-sector, and of the form r = Z + ^ in 
the NS-sector. The N = 2 minimal models occur for 

3fc / A 1 N 

fcT2 ’ ^ ^ 

where /c is a positive integer. At least in this case, the bosonic subalgebra of the 
N = 2 algebra can be described in terms of the coset 

su{2)k®u{l)i 


(N = 2) bos = 


(A.2) 


u{l)2k+4 

Here u{l)d describes the U(l) theory whose representations are labelled by integers 
mod d. The central charge of ( |A.2| ) obviously agrees with ( |A.1| ). 

The representations of the coset algebra are labelled by {l,m,s), where I = 2j 
with j the (half-integer valued) spin of su{2), m G '^ 2 k+i and s G Z 4 . Since the su{2) 
affine algebra appears at level fc, I takes the values / = 0,1,..., fc. These labels are 
subject to the selection rule / -|- m -f s = 0 mod 2. Furthermore we have the held 
identihcation 

{l,m,s) ~ {k — I, m + k + 2, s + 2). (A.3) 

The corresponding equivalence class will be denoted by [l,m,s]. We shall usually 
suppress the level k in our notation; also the central charge c will always be dehned 

by (|At|) . 

Since the coset algebra only describes the bosonic subalgebra of the N = 2 
algebra, the irreducible representations of the N = 2 algebra consist of direct sums 
of representations of the coset algebra. In fact, the NS-representations of the N = 2 
algebra correspond to the sums 


(/, m) = (/, m, 0) © (/, m, 2), (A.4) 

where / + m is even, and (/,m) ~ {k — I+ k + 2). The R-representations of the 
N = 2 algebra correspond on the other hand to 


(/, m) = (/, m, 1) © (Z, m, 3), 


(A.5) 
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where I + m is odd, and (/,m) ~ [k — l,m + k + 2). In either case, we also denote 
the corresponding eqnivalence class by [l,m]. 

The conformal weights and the U(l)-charge (of the N = 2 U(l) generator) of the 
highest weight states of the coset representation {l,m,s) are, up to integers, given 
by 


h{l, m, s) 
q{l,m,s) 


l{l + 2) — m? ^ 

4(fc + 2) ^ s' 

s m 

2 ~ k + 2' 


(A.6) 

(A.7) 


In the NS sector, the chiral primary states appear in the representations (/,/,0) or 
(/, —I — 2, 2). [Note that (/, 1, 0) ~ (/, —I — 2, 2).] In the R sector, the condition for a 
chiral primary state is (/, / + 1,1) or (/,—/ — 1, —1). Finally, the modular F-matrix 
of the coset theory is 

Slmsms = Sli , e 2 . ( A . 8 ) 

v/2fc + 4 


Here Sli denotes the R-matrix of su{2)k, which is explicitly given as 


One easily checks that the S'-matrix ( |A.8| ) is unitary, and that the above definition 
depends only on the equivalence class [L, M, S] and [/, m, s]. One also easily observes 
that 

SLMS,lms+2 = { — (A.10) 


B. Open string spectra from matrix factorisations 

In this appendix we give details of the calculations to determine the topological open 
string spectra between various matrix factorisations of the product theory. 


B.l The open string spectrum between rank 1 branes 

In the main part of the paper we only discussed the case where the two branes in 
question are the same. Here we describe the calculation in the general case, where 


and 


JJ {Xl - rimX2) , 

m£l 

E = JJ - VnX2) , 

neD\I 

(B.l) 

- VmX2) , 

rhsi 

E = n - 'nnX2) ■ 

heD\i 

(B.2) 
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We start with the discussion of the fermionic spectrum. Dividing the hrst line of the 
BRST-invariance condition 

0 = EtQ + tiJ 

0 = J ti -\- to E (B.3) 

by the greatest common divisor of E and J, which is nne/\{/n/}(^i we obtain 

to = h{xi,X 2 ) W{xi-r]nX 2 ), ti = -h{xi,X 2 ) {xi-r]nX 2 ). (B.4) 

ri&lni n&D\{Iui} 

At this point, b{xi,X 2 ) is an arbitrary polynomial that will get constrained by de¬ 
manding that this solution is not BRST exact. BRST exact solutions are of the form 
to = J(f>o — 4>iJ, so that 

b{xi,X 2 ) , (B.5) 

where 

Si = JJ {xi - r]nX2 ), S2 = n • (B.6) 

nei\{ini} n£i\{ini} 

Since Si and S 2 do not have common factors, the dimension of this ring is 

deg Si ■ degS 2 = |/ \ {/ n /}| ■ |/ \ {/ n /}|. (B.7) 

This concludes the counting of the fermions. Note that this is just the number of 
intersections of the set of lines 

IJ {Xl - r]nX2} 

nei\{ini} 

with the set of lines 

y {xi - rjnX2] , 

neA{/n/} 

which is what the geometrical picture predicts. 

Turning to the bosonic spectrum, we divide the first BRST invariance condition 

0 = T (po — 01 J 

= E (pi — (po E (B.8) 

by the greatest common divisor of J and J. Then we hnd that 

01 = a(a;i,a;2) (a;i - ?7na;2), 0o = a(a;i, 0 : 2 ) (a;i - ?7na;2) • (B.9) 

n&i\{ir\i} nsAf-fn/} 
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For this not to be BRST exact, the polynomial a has to be in the qnotient ring of 
C[a;i,a; 2 ] by the ideal generated by and S 2 , where 

si = (a:i - r7„a;2) , s^ = {xi - rinX2) ■ (B.IO) 

neini neD\{iui} 

This means that the nnmber of bosons equals 

|bosons| = deg si degsi = |/ fl /| \ {/ U /}|. (B-ll) 


B.2 The spectrum between a tensor product and a rank 1 brane 

To compute the spectrum between the tensor product brane Q and the rank 1 brane 
Q, we have to do again essentially the same computation as before for the case of 
a single minimal model, except that now the morphisms {(po, (pi) are two-component 
row vectors, 0o = (0O)0o) Likewise the fermions (to,ti) have now 

also two components, to = and ti = We will restrict ourselves to the 

case of a permutation brane consisting of a single line (J linear), and an arbitrary 
tensor product brane labelled by (£1 = Li -f- 1 ,£2 = -^2 + !)• (The case ii = £2 = I 
was treated in ||T3| .) 

The BRST conditions for the bosons are 


(plxi^ + (plx^-^^ -J(Pl = 0 (B.12) 

(plxi^ - -J(pl = 0 (B.13) 

44~'^ + 44~'^-e<pI = o (B.14) 

(Plxi^-(Plxi^-Ul = 0. (B.15) 

We can formally solve the hrst two equations by 

</>o = i (B.16) 

U 


It is easy to see that this solution also solves the third and fourth equation. We now 
have to discuss under which conditions the expressions (|B.16| ) are polynomials. This 
will be the case whenever the zeros of the polynomial in the numerator contain those 
of the denominator, which translates to the following relation between 0} and 0^ 


2 d—£i—k k 


-0ih 


x^x 


d—£i—£2—k 
2 ) 


(B.17) 


where rj is the root that appears in J = xi — r]X 2 , and k is an arbitrary integer. In 
particular, we therefore see that for a given 0^ there are a number of choices for (f)\. 
Once (f)\ and 0^ are chosen, the remaining components 0 q and 0g are determined 
uniquely by ([B.16|). 
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These bosonic degrees of freedom are BRST trivial if 


— tf^X 2 


+ tlxf + {xi - 'r]X2)tl 


2 _ .1 ii 
1 ~ ^0"''! 


tlxi^ + (xi - r]X2)tl. 


(B.18) 

(B.19) 


It is convenient to introduce the new coordinates z = xi — 77 x 2 and X 2 . Choosing 
different polynomials eliminate the z-dependence of (j)\ and As a 

consequence, (j)\ and 0^ are effectively polynomials of one variable only. In particular, 
the choices of (j)\ for a given 0^ in (|B.17|) are all equivalent, such that all components 
00 , 005 01 uniquely determined by 0^. The possible choices for 0f are constrained 
by (|B.iy|), from which it follows that 


01 e C[a; 2 ]/(a: 2 ’""), where imin = min{£i, £ 2 } • 


(B.20) 


The fermionic spectrum can be determined similarly. The BRST conditions are 

+Etl = 0 


t]x^^ 


2 T 

d—i .2 


t{x\^ - + Etl = Q 

tlx2~^^ + + Jt J = 0 




+ jt\ = 0 . 


(B.21) 

(B.22) 

(B.23) 

(B.24) 


In analogy to the discussion of the bosons, one solves the last two equations for t\ 
and tf and shows that the first two equations are then automatically satisfied. From 
the requirement that the formal solutions are in fact polynomials we derive 


+1 _ _^d-ii-k i 2 -il-k k .2 

Lf\ — If Ji>r) Ji,-t Cr\ . 


(B.25) 


where we have made the additional assumption that ii < £ 2 , and used that = — 1 . 
The operator is BRST exact if 


^0 = -4>\x2 - 


2 ^d-ei 


+ {xi - 77x2)00 
tl = -0jxfl + 01 X 2 “^" + (xi - 77 X 2)00 • 


(B.26) 

(B.27) 


Choosing coordinates z, X 2 as above, it can be seen that the ^-dependence of and 
to can be eliminated. The highest power of X 2 for is £1 — 1; since we have assumed 
that £i < £2 this equals minimi, £ 2 } ~ 1- Hence, the number of fermions propagating 
between the two branes is min{£i, £ 2 } and equals the number of bosons. This was to 
be expected since the tensor product branes are uncharged and therefore the Witten 
index with any other brane is zero. 


C. Twisted NS-representations 

As a simple example we consider the case of the tensor product of two N = 2 minimal 
models with k = 1. For k = 1 (for which c = 1) the conformal weights of the NS 





representations are /i = 0 (for [0,0,0]) and h = 1/6 (for [1,±1,0]). If the characters 
that appeared in the overlap between the permntation and the tensor prodnct brane 
were NS-characters evaluated at then we would have 


X|o,o,o|(9‘'") = (1 + 0(g‘'^)) = f'-* (1 + , ft" = ^ (C.l) 

X|i,±1,01(9''") = 9'''® (1 + 0(9"")) = (1 + 0(9''")) . ft" = 5 ■ (C'2) 


These characters now have to be interpreted as NS-characters of the diagonal N = 2 
algebra, whose central charge is c = 2. This is again a minimal model (with fc = 4), 
and therefore the allowed conformal weights are known. One easily checks that 
neither = 1/16 nor h'^ = 7/48 are among the allowed list of conformal weights. 
Thus the above characters cannot be interpreted in terms of NS-representations of 
the diagonal N = 2 algebra. 

The situation is different if the characters that appear in the overlap between 
the permutation and the tensor product brane are R-characters (as we have argued 
they must). The conformal weights of the R-representations for k = 1 are h = 1/2A 
(for [0, ±1,1]) and h = 3/8 (for [1, 0,1]). Instead of (|C.1|) and (|C.2|) we then have 


X[0,±i,il(9'''")=9”(l + O(9"'"))=9''‘"-"(l + O(9''")) (C-3) 

X[i,o,il(9"'")=9'''’(l + 0(g''"))=g'“"-n(l±0(g'''")) ft" = i. (C.4) 


The corresponding diagonal weights are then indeed allowed conformal weights for the 
k = 4 theory: h = 1/12 is the conformal weight of the NS-representation [1,±1,0], 
while h = 1/4 is the conformal weight of the NS-representation [3, ±3, 0]. 


D. Gepner construction 


As is explained in the main part of the paper, the boundary states for the Gepner 
model can be made by tensoring together constituent boundary states of the branes in 
the N = 2 minimal model before GSO projection, followed by an orbifold projection. 
For a single minimal model, the B-type boundary state is 




= (2ft + 4)ie-"^5^ 5^^(-l)"‘'||i,0,s±2^])) (D.l) 


where s = 0 for the NS-NS and s = 1 for the R-R sector, and the sum runs over all I 
such that / -|- s is even. In the above notation, the subscript refers to the periodicity 
conditions of the closed string helds on the circle; thus s = 0 corresponds to the 
NS-NS sector, while s = 1 is the R-R sector. Note that we can recover the boundary 
states constructed in section 2 by adding a NS-NS boundary state of the unprojected 
theory and a R-R boundary state with the appropriate normalisation factor of 1 /a/2. 
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The boundary state is invariant under the Zfc +2 axial symmetry of the minimal 
model. For the Gepner construction we need to formulate the boundary states also 
in the sector twisted by where g is the generator of the axial symmetry 

||L, M, S))= i2k + 4)^-"™—T V V s + 2v)). 

(D.2) 

Here |/,n, s + 2z/)) is the Ishibashi state in the sector 'Hii^n,s+ 2 !y] G) H[i-n,-s- 2 !y], and 
the sum runs only over those values of I for which / + n + s is even. In the open 
string sector, the twist leads to an insertion of g'^. It is then clear that we need a 
further label that specifies the action of the global symmetry on the Chan-Paton 
labels. This is the origin of the label M that appears only in the overall phase of 
the twisted boundary state. In order for this formula to make sense, we need that 
L + M + S' is even. 

The one-loop overlap between two such states is then (in the sector labelled by 
s and n) 


= ^ ^(2 )+ S' + s') 

X (<'l + (-1)"+* Afp/) ■ (D.3) 

Here the sum runs over all equivalence classes [l',m',s']. If we sum over all triples 
(/', m', s') such that I' + m' + s' is even, we can instead write the last expression as 


{{L', M', ^'||g^Go+io)-^ m 

+ S'+ s') 


(D.4) 

L'L X\l'm's']iQ) ■ 




The tensor product boundary states of can in this notation be written as 

1 ® 

I • • • 1 T 5 , fH, S')) ^_]^J(s+l)F x/H ^ ^ ‘S'i)) (_l)(s+l)A’gn 


Y[i{‘2ki + A)i ^ 


tiGXh ^=1 
5 


■/H 


neZn 


0E E ^(-lf“'-\kn,s + 2,.,)). 

i=l k Ui&2 


Note that the boundary state on the left actually only depends on M = H 
Furthermore, since the Si are either all even or all odd (so that we choose the same 
sign for the gluing condition g in all hve factors), the boundary state actually only 
depends on S' = 
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For the permutation boundary states the analysis is similar. Before GSO- 
projection the permutation boundary state in the tensor product of two minimal 
models is given by 

Z On/ 

l,m Vi,U2^^2 

I [/, m, s + 2z/i] (g) [/, -m, s + 2z/2])). (D.5) 


Here L + M and + S 2 are even, and the sum runs over all l,m such that I + m + s 
is even. As before this boundary state is invariant under gi g 2 , but not under gi or g 2 
individually, which shift the M-label by ±2. To construct the permutation boundary 
states in the sectors twisted hj g = gig 2 , we observe that the permutation gluing 
condition requires that m 2 = —mi and m 2 = —fhi. In the sector twisted by g^ the 
relation between left and right-moving m-labels is mi = fhi + 2n, m 2 = m 2 + 2n, so 
that the relevant Ishibashi states have labels m 2 = —fhi = —mi + 2n. Therefore, 
the boundary state takes the form 


Sr 


||L, M, M, E E (-1) 


S\ li\+S 2 l '2 


l,m u^U 2 &h 2 


e ’^* 2 (‘S'i+‘S' 2 ) _l_ 2 i 2 i\ (g) [/, —m -|- 2 n,s + 2 ^ 2 ])), 


where, as before, an additional label M had to be introduced. We require that M+M 
is always even, so that the boundary state is invariant under n ^ n + k + 2. Also, 
as before in the discussion of section A, L + M and Si -|- S 2 are even. 

With this ansatz we then obtain the following one-loop amplitudes between 
twisted permutation boundary states (in the sector labelled by s and n) 




^||L,M,M,Ai,^2))(-i)(.+i).,^ 


[ll,mi,si],[l2,m2,S2] 


^-Z^^Sr-S[+sr+S2-S'+S2) ^ ^ (^,+^2-M+M') 

E «iW,'- M' + mi - m 2 ) 

I 

+ - M' + mi - m 2 + A; + 2)) 

X[/i,mi,si] ( 9 ) Xll2,m2,S2](Q) ■ 


In the above equation, the sum runs again over equivalence classes [li,mi,Si\. If we 
relax this condition and sum over all triples with li + mi + Si even, we obtain instead 

{(V, M', M', s;, ||L, M, M, Si, S 2 ))= i E 

{ll,mi,si),{l2,m2,S2) 

^_-(Si-sj+.i+52-s'+s2) ^(2)^^^ -S[ + Si) S^^\S2 - ^2 + ^2) e-^(™i+™2-^+AA') 
E -M' + mi- m 2 ) X[h,mrM{q) X[i 2 ,m 2 M{q) ■ (D.7) 

i 
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Since M + M is even it is immediate (from the constraint) that mi + m 2 — 

M — M' is even. Furthermore, the form of the amplitude shows explicitly that the 
twist leads to an insertion of the group action in the open string sector, where the 
action on the Chan-Paton labels is specified by M and M', respectively. 

The overlap between a permutation and a tensor product boundary state (in two 
factors) is again subtle; taking into account the phase of ( b.7| ) one finds 

{{Li, L 2 , M', \\L, M, M, ^ 1 , S 2 ))^.i^ns+Dg. 

(V ,m' ,s') 

- s; + S 2 - s; + s' + 1) ivi.i, iv',,. 

i 

Here the sum runs again over the triples (/', m', s') such that I' + m' + s' is even. 
One can easily check that M' — M + m' + 1 is always even. Furthermore, as before 
in the untwisted case (that was discussed in section 4), s' is always odd if the two 
spin structures of the boundary states are the same. In this case, the representations 
with s' odd should be interpreted as twisted NS sector representations. 
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